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Non-isothermal kinetics of diffusion are derived, extending the fundamental equa- 
tion of diffusion to non-isothermal conditions, and the equation is solved for a few 
typical cases. From these theoretical considerations, two methods of analyzing thermo- 
analytical data of diffusion are proposed. One of the methods is applied to EGA curves 
of the volatilization of toluene from epoxy resin cured with ethylenediamine. The diffu- 
sion constants obtained as a function of temperature for two plate-specimens of 
different thicknesses at various heating rates are in good agreement with each other. 
The temperature dependence of the diffusion constant observed for a powdered sample 
is also in good agreement with those observed for the two plate-specimens. 

To date, the majority of kinetic researches have been made isothermally. How- 
ever, the kinetics need to be extended to non-isothermal conditions, since there 
are many practical processes which proceed non-isothermally, and moreover 
thermal analyses are widely applied to kinetic investigations. While the isothermal 
investigation of kinetics is easy and desirable and the analysis of the thermo- 
analytical data is somewhat complicated, the isothermal method cannot be utilized 
when the thermal response time of the observed system is large compared with 
the rate of the process. 

Although many methods have been proposed to analyse thermoanalytical data 
kinetically, most of them are based on the simple homogeneous chemical reaction 
and hence their applicability is limited. The author earlier [1, 2] set forth methods 
of kinetic analysis of thermoanalytical data in which kinetic equations of homo- 
geneous chemical reactions of the general type are extended to the non-isothermal 
case. Flynn [3] recently pointed out the necessity of non-isothermal kinetics and 
discussed non-isothermal kinetics of homogeneous chemical reactions. The non- 
isothermal kinetics of homogeneous chemical reactions have been reported for 
fairly complicated polymer reactions [1, 2] and the nucleation-and-growth pro- 
cess [4], and have been applied to the thermal decomposition of polymers [1, 5 - 7 ] ,  
the volatilization of hydrogen chloride combined with amino groups in epoxy 
resins [8], and the crystallization of polymers [4, 9, 10]. However, many other 
types of process remain for which the kinetics have not yet extended to the non- 
isothermal case, and this needs to be done. In the present paper the equations of 
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diffusion are extended to non-isothermal conditions and applied to analyse 
thermoanalytical data of  vaporization of toluene from an epoxy resin cured with 
ethylenediamine. 

Theory of non-isothermal kinetics of diffusion 

When there is no formation and no consumption of  the diffusing substance, 
the fundamental equation of diffusion is as follows: 

a~ 
D V Z ~ -  at (1) 

where D, ~, t and V 2 are the diffusion constant, the concentration of the diffusing 
substance, the time and a Laplacian, respectively. Generally, the diffusion constant 
is a function of temperature, T, i.e. : 

D = Doh(T ) (2) 

where D o is a constant. When Eq. (1) is extended to non-isothermal conditions, 
we obtain: 

DoV2 ~ _ a~ 00 (3) 
where: 

t 

0 = .~ h(T) dt (4) 
0 

In the previous papers [1, 2], 0 is called the reduced time, and is applied to 
the rate constant of chemical reactions of  the Arrhenius type. It is now generalized 
for the rate constant to have any temperature-dependence. When the temperature- 
dependence of the diffusion constant is of the Arrhenius type: 

t 

0 =  exp - ~ - f  dt (5) 

0 

where AE and R are the activation energy and the gas constant, respectively, and 
for the case when the substance is heated at a constant rate, c~, from low temper- 
ature where little reaction occurs: 

o =  I a~R- p [ R T  ] (6) 

where p is the p-function proposed by Doyle [11 ], its value having been published 
by Akahira [12] and Doyle [11 ]. 

Now, Eq. (3) is the fundamental equation for non-isothermal diffusion, and 
the reduced time is used instead of the actual time. We can easily find the solution 
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of Eq. (3) [13, 14]. A few typical solutions follow which are useful for the analysis 
of thermoanalytical data of  diffusion. 

1 - Dif fusion in a sphere. When the concentration is uniform, 4o initially 
(0 = 0), and the concentration is kept zero outside the sphere, we have: 

2ar ~ ( - 1 )  ~ sin n n r  exp ( -  " ~ " (7) . . . .  D O n"n'O/a")  
7or = 1  n a 

where a and r are the radius of  the sphere and the distance from the center of the 
sphere, respectively. For the average concentration, ~, the following equation is 
derived : 

1 640 ~ ~ exp ( -  Don2nZO/a 2) (8) 
- -  ;E 2 

" n = l  F/~ 

Let us define the conversion, C, as the ratio of the amount of  volatilized substance 
to the initial amount  as follows: 

C =  1 - ~/~o (9) 

The conversion and the rate of  conversion are: 

6 ~j 1 
C =  l - n 2  ~= --. exp ( - n 2 n 2 0 )  (10) 

= 1  n 2  

dC 
- = 6 ~ exp ( -n27z20)  (l l) 

dO 

where O is D O O/a 2, and is a dimensionless quantity corresponding to the time. 
2 - Diffusion in an infinite cylinder. When the concentration is uniform, ~o 

initially (0 = 0), and the concentration is kept zero outside the cylinder, we have: 

- 2~~ ~? -~Jo([~r/a) exp (-Dofl~O/a z) (12) 
a ,N1 flnJl(fln) 

where r, a and J are the distance from the axis, the radius of the cylinder and the 
Bessel function, respectively, and fl. 's are the roots of the Bessel function of the 
zeroth order, J0; i.e.: 

Jo(fl~) = 0 (,3) 

and for the average concentration, ~: 

1 o 2 
= 4~ 0.=~ fl~ exp ( -  Dofl;O/a ) (14) 

The conversion and the rate of conversion are also derived as follows: 

1 
C =  l - 4 Z -," exp ( - f l ~ O )  (15) 

3 ~ J. 17wrmal Anal. 5, 1973 



566 OZAWA: NON-ISOTHERMAL KINETICS OF DIFFUSION 

d C  ~o 
- 4 ~ exp ( -  fl~O) (16) 

dO , ,= t  

3 - Diffusion in an infinite plate. When the concentration is uniform, 40 initially 
(0 = 0), and the concentration is kept zero outside the plate, we have: 

exp { -  Do(2n + 1)2n~'O/a ~} (17) 
1 (2n + 1)zrx 

84o 
o 

(2n + 1)27r ~sln ~ a 
=0 

where a and x are the thickness of the plate and the distance from the surface, 
and for the average concentration, ~: 

oo 1 
= 84o ~, (2n + 1)2~ 2 exp {-Do(2n + 1)2~20/a 2} (18) 

n=0 

The conversion and the rate of  conversion are derived as follows: 

~o 1 

C = 1 - 8 .~--o (2n + 1)27r 2 exp {- (2n  + 1)~20}  (19) 

dC oo 
- 8 ~ exp { - ( 2 n  + 1)2~ZO} (20) 

n=0 

jP late 

15 

Cylinder 

05 
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Fig. 1. The theore t i ca l  re la t ion  between dC/d@ and  @ 
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The relationships of  dC/dO versus O, C versus O and dC/dO versus C are 
shown in Figs 1, 2 and 3 for these three cases. The concentration of the diffusing 
substance is usually constant within the sample initially and zero outside the sample 
in the thermal analysis. These relationships are applicable to thermal analysis. 
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Fig. 2. The theoretical relation between C and @ 

Methods of kinetic analysis of thermoanalytical data 

A method applicable to the case of  the diffusion constant of  general temperature- 
dependence of Eq. (2) will first be discussed. We can obtained dC/dO by using 
both the observed value of C and the relation between dC/dO and C in Fig. 3. 
The difference between the logarithm of dC/dO thus obtained and that of  dC/dt 
observed at the same conversion is equal to the logarithm of D/a 2, since 

dC dC dt 

-dO dt dO 

a 2 dC 
= D dt (21) 
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When we estimate D/a 2 along the conversion, we have D]a 2 as a function of tem- 
perature. I f  the process is really diffusion, the temperature-dependence of D[a 2 
thus obtained at different heating rates are superposed on each other. If  the super- 
position cannot be made, the process is not diffusion. This method is the same 
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T 

Fig. 3. The theoretical relation between d C ] d O  and C 

as the second method of  the previous paper [2], in which the Arrhenius plot is 
made for the rate constant of chemical reaction obtained by the similar procedure; 
examples of the results of this procedure have been shown earlier [5, 6, 8]. The 
diffusion constant can be estimated when the radius or the thickness is known, 
and the plots of the diffusion constants versus the temperature for different 
radia or thicknesses can be superposed on each other again; this superposition is 
also applied to check whether the process is really diffusion or not. 

Second, another method applicable to the case where the temperature-depend- 
ence of the diffusion constant is of the Arrhenius type will be discussed. In this 
case, the Ozawa plot [1, 2, 7] can be applied, i.e., the activation energy can be 
estimated by using the linear relation of the logarithm of the heating rate to the 
reciprocal absolute temperature for a given conversion, since the conversion is a 
single-valued function of  the reduced time as is seen in Eqs. (10), (15) and (19). 
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The  same plot  can also be applied to the peaks  of  derivative thermoanaly t ica l  
curves of  different heat ing rates. As seen above:  

and  

c = 6(0) (22) 

d2c 1 dt 2 - dO z exp - R T )  + R T  2 dO exp - - ~  (23) 
o 

At the peak,  d2C/dt ~ = 0. Thus,  since p(y)  can be app rox ima ted  to exp ( - y ) / y "  
[11]: 

d~b(0m) d2q~(0m) 
+ - - 0  m = 0 (24) 

dO,. dO], 

where the subscript  m denotes the peak.  Eq. (24) implies the following facts:  
(i) At  the peak  the reduced t ime becomes near ly  constant ,  regardless of  the 

heat ing rate. 
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Fig. 4. Theoretical derivative curves calculated for diffusion in a sphere with Do~a" ----- 1019 
and AE = 40 kcal/mole; a: 0.25~ b: 0.5~ c: l~ d: 2.5~ e: 5~ 

(ii) Then,  the convers ion is also the same. 
(iii) The Ozawa and Kissinger plots [2, 15] are bo th  applicable to the peak.  
Thus,  for  any given conversion including that  at the peak  of  the derivative curve, 

using Doyle ' s  approx ima t ion  [11 ] : 

AE 
log ~ + 0.4567 = cons tant  (25} 

R T  
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By using the activation energy thus obtained, the observed experimental relations 
of the conversion and the rate of conversion, dC/dt, with the temperature can be 
converted to the relations of the conversion and the reduced rate of conversion, 
dC/dO, with the reduced time, 0. I f  the temperature-dependence of the diffusion 
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Fig. 5. Typical plot of the logarithm of the heating rate versus the reciprocal absolute peak 

temperature for the derivative curves shown in Fig. 4 

constant is truly of the Arrhenius type in the temperature range observed, the 
reduced relations obtained at different heating rates are superposed on each other, 
and the experimental master curves are obtained. If  the superposition cannot 
be made, the situation is one of the following alternatives: either the process is 
not diffusion, or the temperature-dependence is not of the Arrhenius type. For  
the latter alternative, we can apply the first method mentioned above. 

Next, by comparison of the experimental master curves and the corresponding 
theoretical curves shown in Figs 1, 2 and 3, Do/a 2 can be estimated. When a is 
known, D O too is evaluated, and the D o values evaluated for different a's should 
be equal to each other if the process is really diffusion. 

Since Eq. (24) is an approximated equation, the accuracy of the Ozawa plot 
based on Eq. (25) should be examined; the theoretical derivative curves of dC/dT 
versus T are obtained with an electronic digital computer by using Eqs (11), (16), 
(20) and a highly approximated equation for p(y), as seen in Fig. 4, and the peak 
temperatures are obtained to an accuracy of 2.5 ~ for heating rates of 0.25, 0.5, 
1, 2.5 and 5~ The logarithm of the heating rate is plotted against the reciprocal 
absolute peak temperature using the calculated peak temperature in Fig. 5. It is 
clearly seen that a straight line is obtained, from the slope of which the activation 
energy is estimated to be 40.6 kcal/mole, compared with the theoretical value of 
40 kcal/mole. The result is satisfactorily good. 
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Experimental 

The material used is epoxy resin epon 827 (Shell Chemical Co.)cured with ethyl- 
enediamine of E. P. grade purchased from Wako Pure Chemical Industries, Ltd. 
Epoxy resin and ethylenediamine are mixed so that the number of amino groups 
of the amine is equal to the number of epoxide groups, and they are left for curing 
for more than 24 hr at room temperature. The undercured resin is post-cured at 
about 140 ~ for more than 24 hr. The powdered sample is obtained by filing the 
resin. The samples are left in a desiccator for several days before the measurement. 

Evolved gas analysis (EGA) is made with an apparatus described elsewhere 
[5, 6]. Briefly, the sample is heated at a constant rate in a sample container put 
beneath the ionization chamber of a time-of-flight mass-spectrometer of the Bendix 
type. The pressure is less than 10 -s tort. The volatilized products are analyzed 
immediately. 

Results and discussion 

A mass-spectrum observed on the powdered sample is reproduced in Fig. 6. 
The ions of mass number, M/e 92, 91, 65 and 39 are observed, these being a parent 
ion and fragment ions of toluene [16]. The ions of M/e 60 and 30 due to ethylene- 
diamine are also found in the same temperature range, while the ions due to 
water are found in a somewhat lower temperature range. The volatilization of 
hydrogen chloride occurs in a higher temperature range; its kinetics have already 
been analyzed and reported elsewhere [7]. 
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Fig. 6. Mass-spectrum observed for the powdered sample at 70 o at a heating rate of l~ 
with an ionization voltage of 70 eV 
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Fig.  7. M T A  curves  of  M/e 91 obta ined at various heating rates for two  plate spec imens  o f  
0.33 m m  and 0.69 m m  thickness ,  respect ively;  �9 . . .  0.33 m m  thickness  and 2~ r � 9  
0.33 m m  thickness  and 4~ ~ . .  �9 0.33 m m  thickness  and 8~ [ ] . . .  0 .69 m m  thickness  
and  l~  l ~ - . .  0.69 m m  thickness  and 2~ I ~ . . . .  0.69 m m  thickness  and  3~ 
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Fig. 8. Plot  o f  the logari thm of  Dla 2 versus the reciprocal  absolute  temperature  for the spec-  
imen of  0.33 m m  thickness.  The  symbo l s  are the same  as in Fig. 7, and the d imensions  o f  

D are mm-"/sec 
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In this paper, the ion of M/e 91 observed on plates of  the resin are analyzed in 
order to elucidate the applicability of  the method proposed here to the actual 
process. The EGA curves, which are plots of the ion currents versus the tempera- 
ture, for M/e 91 on two plate-specimens of  different thicknesses are shown in 
Fig. 7. It can be seen that the volatilization occurs in a higher temperature range, 
the higher the heating rate and the thicker the specimen. The tendency is in accord- 
ance with the theory. Decomposition begins to occur in the higher temperature 
range, where the measurement is discontinued. 

Temperat u re j~ 
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J ' i m , - -  
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T 

Fig. 9. Plot of the logarithm of D/a"- versus the reci wocal absolute temperature for the spec- 
imen' ofLO.69 mm thickness. The symbols and dimensions are the same as in Figs 7 and 8 

The first method mentioned above is examined. The conversion is calculated 
by Simpson's method over the range of  the measurement. The logarithm of D/a" 
is obtained in the range of conversion from 5 ~o to 95 % as a function of  tempera- 
ture, and is plotted against the reciprocal absolute temperature in Figs 8 and 9. 
In the other ranges the estimation ofD/a ~ is difficult, as is seen in Fig. 3. The values 
of  D/a ~" obtained for various heating rates are on the same line, though the plots 
are somewhat scattered; this implies that the volatilization of  toluene from the 
epoxy resin really is diffusion. The diffusion constant, D, is calculated from the 
values ofD/a ~, and plotted in Fig. 10. The fact that the diffusion constants obtained 
for different thicknesses at various heating rates are in good agreement with each 
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other is also evidence that the process is really diffusion and that free toluene is 
present in the resin as residual solvent. 

A similar plot of  D/a 2 versus the reciprocal absolute temperature for the pow- 
dered sample is given in Fig. 11, making use of  Eq. (11). The values obtained at 

TernperQtuPe~~ 
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I ~ I ' I ' 
160 
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- 4  

N 
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C? 

f 
Fig. 10. Plot of the diffusion constant versus the reciprocal absolute temperature for toluene 
in ethylenediamine-cured epoxy resin. The symbols and dimensions are the same as in Figs 7 
and 8 

the different heating rates are also on the same line, but deviations are observed 
for the range o f  conversion larger than 85 %; these deviations seem to be due to 
the distribution of  the radius values of  the powder. Superposition of  Fig. 11 on 
Fig. 10 can be done, and from the longitudinal shift the average radius is estimated 
to be about 30/~m. 

It is apparent from the results o f  kinetic analysis that the first method proposed 
in this paper is applicable to thermoanalytical data of  diffusion in order to char- 
acterize the process. However, the second method cannot be applied to the EGA 
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curves, since the temperature-dependence of the diffusion constant is not of the 
Arrhenius type, as is seen in Fig. 10. EGA curves of vaporization of water and 
ethylenediamine from the resin are also analyzed, and similar results are obtained. 

TemperQ',u re, ~ 
100 80 60 

" ~  I I [ 

1000/T 
_226 27 28 29 30 

l J [ 

-4 

-5  

y 6  

- ~ ~  

Fig. 11. Plot of the logarithm of D/a ~ versus the reciprocal absolute temperature for toluene 
in the powdered sample of ethylenediamine-cured epoxy resin. The dimensions are the same 
as in Fig. 8 

As pointed out previously [2], most methods of kinetic analysis of thermo- 
analytical data involve the dangerous tendency to study processes of  great variety 
within the limited framework of the particular specialized formulae, and to lead 
to false results; the examination of  the validity of the applied method by these 
superpositions is a necessary procedure even in the kinetic analysis of diffusion. 

The author wishes to express his gratitude to Mr. R. Sakamoto for his experimental 
assistance. 
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Rf~SUMI~ -- On 6tudie la cin6tique de diffusion en r6gime non  isotherme, en 6tendant l '6quation 
fondamentale  de la diffusion aux cas non  isothermes et l 'on donne la solution de l '6quation 
pour  quelques cas typiques. A part ir  de ces consid6rations th6oriques, on propose deux 
m6thodes pour  analyser les donn6es thermoanalytiques de la diffusion. On applique l 'une 
d'elles aux courbes A G E  de stabilisation du toluene ~t partir  des r6sines 6poxy trait6es ~t 
l '6thyl~ne diamine. Les constantes de diffusion obtenues en fonction de la temp6rature pour  
plusieurs vitesses d'6chauffement sur deux 6chantillons en forme de plaquette sont en bon 
accord, de m6me que pour  des 6chantillons pulv6rulents. 

ZUSAMMENFASSUNG - -  Die nicht-isotherme Kinetik der Diffusion wird abgeleitet, indem die 
Grundgleichung der Diffusion auf nicht-isotherme F~ille erweitert und for einige typische 
Fiille gel6st wird. Von diesen theoretischen Erw~igungen ausgehend werden zwei Methoden 
zur Analyse thermoanalytischer Diffusionsangaben vorgeschlagen. Eine der Methoden wird 
ffir die EGA-Kurven  der Verfltichtigung yon Toluol aus mit Ethyliindiamin behandeltem 
Epoxyharz angewandt.  Die an zwei Platten-Arten verschiedener Dicke bei verschiedenen 
Aufheizgeschwindigkeiten als Funkt ion  der Temperatur erhaltenen Diffusionskonstanten 
st immen gut tiberein. Die an einer pulverf6rmigen Probe beobachtete Temperaturabhiingig- 
keit der Diffusionskonstante ist ebenfalls in guter Ubereinst immung mit der an den zwei 
Plattenk~Srpern erhaltenen. 

Pe3~oMe - -  PacnpocTpanenne ocnoBnoro ypaBnenna ~nqbdpy3nn na  nen30xepMnaecKrle yCYIOBI~I 
IO3BOII~IeT BbIBeCT~I neI430TepMHqeeI~yfo KHHeTHKy ~n~bqby3rln. Ha OCHosannrt 9THX TeOpeTHqeC- 
Krxx co06paxenn~ npe~naraexcn ~Ba Mero~a o6pa6oTKrI TepMoanannTnaecKnx ~Iana~Ix ~ndp- 
dpy3ri~i. O~IH H3 MeTO~OB ncnoah30Ban )/n~ I~pHBI,IX n c n a p e n ~  TOSlyoJIa H3 3nOKCI, ICMOYIbl. 
KOHCTarlTbl ~Hqbqby3HH, nonyqeHm, Ie Ka~ qbyuKtmn TeMnepaTypbl ~;In ~IByX nnacTrlH~taTblX o6- 
pa3110B pa3Ho~ TOJTIII~IHbl npH pa3nrlqHb~X CKOpOCTnX HarpeBaHrt~, xopolItO COBIIa~alOT ~pyr c 
llpyroM. TeMiiepaTypHan 3aBHCHMOCTb KOHCTaHTbI ~rlqbqby3rm, B cny~iae nopomKoo6pa3rtoro 
06pa3iia TaK~Ke xopoIJ~O COFnaCyeTcfl C Ha6~Iro~aeMo~ IISln ~ByX n~acTIIHqaTblX 06pa3rtoB. 
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